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ABSTRACT

In this research paper, the Natural Decompositicethdd (NDM) is implemented for solving the linearda

nonlinear Klein Gordon equations.

The method which is based on the Natural Transfigiethod (NTM) and the Adomian Decomposition Method

(ADM) is use to obtain exact solutions of three ltidg problems from Mathematical Physics.

The results obtained are in agreement with exissiolgtions obtained by other methods and demomsttet

simplicity and efficiency of the NDM.

KEYWORDS: Adomian Decomposition Method, Klein Gordon Equasioatural Transform, Sumudu Transform,

Laplace Transform
1. INTRODUCTION

The Klein Gordon Equation is considered one of miest important Mathematical models in quantum field
theory, with appearances in relativistic physicsnlimear optics and plasma physics. It arises ipsjgs in linear and

nonlinear forms and it is useful in describing éig®e wave phenomenon [1].

We consider the Klein Gordon Equation
u, (x,t)—u, (xt)+au(xt)+ F(u(xt)) = h(x,t) (1.1)
subject to the initial conditions

u(x0)=f(x) ; u(x0)=g(x) (12)

Where Uis a function of xandt a isaconstant,h(x,t)is a known analytic function an(ﬂ:(u(x,t)) is a

nonlinear function oU(X,t)

There are many integral transform methods [3-7ktéxg in the literature to solve PDEs, ODEs anédral
equations. Many numerical methods were developedntly for solving Klein Gordon Equations such asdBced
Differential Transform Method (RDTM) [2], Adomian daomposition Method (ADM) [8,9]and Variational l&tion
Method (VIM) [10,11].

In this paper, the following Klein Gordon Equatiamere solved:

First, consider the homogenous Klein Gordon Equdti®]
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u, ~u, —u=0 (1.3)
Subject to the initial conditions

u(x,0)=1+sinx ; u(x0)=0 (1.4)

Whereu = u(x,t) is a function of the variablex andt .
Secondly, the in homogenous nonlinear Klein GorEgnation [2]
u, —u,, +u?=-xcodt)+ x?cos(t) w5

3
subject to the initial conditions

u(x,O) =X ;U (x,O) =0 (1.6)
and lastly, the nonlinear non-homogenous Klein Gorelquation [1]

U, —u, +u®=2x> -2t +x** (1.7)
Subject to the initial conditions

u(x,O) = U, (x,O) =0 (1.8)

The structure of the paper is organized as folldwssection 2, basic idea of the Natural Transfdriethod is
discussed, section 3 give definitions and propertiethe N-Transform. In section 4, the methodolo§ythe NDM is
explained and in section 5, the NDM is applieddtve three test examples in order to show its soitpland efficiency.

Section 6 is the conclusion.
2. BASIC IDEA OF THE NATURAL TRANSFORM METHOD

Here we discuss some preliminaries about the nafutee Natural Transform Method (NTM).
Consider a functiorf (t), ty (— 00, 00), then the general Integral transform is definetbsws [7, 12]:
ot ))s)= [k(st)f ()t

o (2.1)

where k(S,t) represent the kernel of the transforfis the real (complex) number which is independérit.o

Note that wherk(s,t) ise™® ,tJn(St)andt S_l(st), then Equation (2.1) gives, respectively, Laplacansform,

Hankel Transform and Mellin Transform.

Now, for f (t), t0] (— 00,00) consider the Integral transforms defined by
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O £ ()] jk

2.2)

and O (t)](s,u):jik(s,t)f (ut)ot -

Note that:

whenk(t) =e", Equation (2.2) gives the Integral Sumudu tramafowhere parametegis replaced byu.

Moreover, for any value ofl, the generalized Laplace and Sumudu transformespeectively defined by [7,12]:

)] =F(s)= s”Te‘S"ﬂ[ f (st (2.4)

0
and £ (t)] = G(u) = u j e f (™ ot
0 (2.5)
when N = 0, Equation (2.4) and Equation (2.5) are the Laptau® Sumudu transform respectively.

3. DEFINITIONS AND PROPERTIES OF THE N-TRANSFORM
The natural transform of the functioﬁ(t), td (— o, 00) is defined by [7, 12]:

N[f(t)] = R(s,u) = J'e f(ut)dt ; s,ud(-oo,c0)
3.1)

where N[f (t)] is the natural transformation of the time functi(fr(t)and the variablesandu are the natural

transform variables.
Note:

Equation (3.1) can be written in the form [7,12]:

N[f je f(ut)dt ; s,ud(-oco,)

[je f(utht suD (—oo,o)} {Te‘g ()t su (o,oo)}

= NT[F()] +N*[f ()] = N[f (t)H(-t)] + N[f {)H(t)] = R (s,u) + R*(s,u)

where H([) is the Heaviside function.
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If the function f(t)H(t)is defined on the positive real axis, witﬁiD(O,OO) and in the set

I
A= f(t):DM 1,7, >0, St| f (tx < Me" ,wheret D(—l)J X[O,OO), j =12;, then we define the
Natural transform (N-Transform) as [3,4]:

N[ HE] = NTF O] = R (s.u)= [e f(uthet : sun(0,e0) 32)

If u=1, Equation (3.2) can be reduced to the Sumuduftems Now, we give some of the N-Transforms and

the conversion to Sumudu and Laplace [7,12].

Table 1: Special N-Transforms and the Conversion tSumudu and Laplace

f(t) NLFQ) [ S]] Af )]
1 1 1 1
: ]
u
t P e
o 1 1 1
. s—a}u l-au | s—-a
t" _ u™ n-1 1
(n—l)l n=12.. X u "
S 1 S
codt s’ +u? | 1+u® | 1+¢°
Sint 2 . 2 - 2 1 2
s“+u 1+u 1+s

Some basic properties of the N-Transform are gasfollows [7, 12]:

If R(S,u)is the natural transform andF(S)is the Laplace transform of the functifﬁr(t), then

N[ = R(s,u):%]ie_:f(t)dt:EF(Ej.

u

If R(S,u)is the natural transform an(G(u)is the Sumudu transform of the functiorf (t) then
N[ ()] = R( f Utjdt——G( j

[10)=Rlsu) = e [ % o= 2o[ 4
i N+[f(t)]=R(s,u),menw[f(at)]:%R(s,u).

f N+[f(t)]:R(s,u),menw[f'(t)]:gR(s,u)-@.
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it N[ f(t)] = R(s,u), then N*[£"(t)] = > R(s,u) ~— £ (0) - —2.

Linearity property [12]: If aandbare non-zero constants, and (t) andg(t) are functions, then
N*[af (t) £bg(t)] = aN*[f ()] bN*[g(t)] = aF* (s,u) £ bG*(s,u).
Moreover, F* (S, u) andG” (S, u) are the N-transforms of (t) andg(t) respectively.

4. THE NATURAL DECOMPOSITION METHOD

The applicability of the natural decomposition nuetho Klein Gordon Equation is illustrated as folk

Consider the following Klein Gordon Equations (1.1)

Lu(x,t)- Lu(xt)+au(xt)+ F(u(xt)) = h(xt)

(4.1)
Subject to initial conditions
u(x0) = f(x) ; u,(x0)=g(x) (4.2)
2 2
where L, :F,LX IF,FU(X,t) is a nonlinear function 01U(X I)andh(x,t)is a known analytic
X
function.
By taking the N-transform of Equation (4.1), we dav
N [Lu(xt)] =N [Lu(x ]+ anN*ulx ]+ N*[F u(x,t)] = N*[n(x.t)]
Using the properties in Table 1 and the basic pt@seof the N-transforms, we get
2 1
8—2 R(x,s,u)- su(>:,0) _u(x0) N[, [u(x,t)]]+aN*[u(xt)]+ N*[ £ (u(x,t))] = N*[h(x.t)]
u u u (4.3)
substituting Equation (4.2) into Equation (4.3p&d
2
S Rxs u)- S0 XN T+ an (e N ()] =N )]
u u u (4.4)
s’ _st(x) |, g(x), - , . .
SRl u)= I 00 N TG+ N et -an oo )] - N[ )]
u u u (4.5)
Rl u) =0 1900 L U o]+ e - 2 N k]~ 4 N ()
S S S S S S (4.6)

Taking the inverse natural transform of Equatio)4we have
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N R(x,s,u):N{f() “i() N [h(x, t)]}+N'{ j N*[Lx[u(x,t)]]}

S

) N-{azj N [l + S (u(x,t))]}

4.7)
From Equation (4.7), we have
2
u(xt) = 3(x )+ Nl[u—z N*[Lx(u(x,t))]} ~N[ku(x.t)]
S
(4.8)
u?
Where ku(x,t) = a— N* (u(x, t))+— N [f )] )]andJ(x,t) represents the term arising from the
S S
known analytical function and the given initial ditions.
Now to deal with the nonlinear term, we represhatdolution in an infinite series form.
u(x,t)=>"u,(xt)
n=0 (4.9)
also, the nonlinear term
ku(x ) canbewritten asku(x,t) = i A,
n=0 (4.10)

Where theA, 'sare the polynomials ofl,, U, ,...,U, and can be calculated by the formula [4]

A = nl o { [Z}Auﬂ n= 012... w1y

Substituting Equation (4.9) and Equation (4.10) iByjuation (4.8) to get

0

S0, ()= 3 (xt)+N'{ [L S (xt)}—iﬁh} (4.12)

n=0 n=0

by comparing both sides of Equation (4.2) we comelthat

uO(x,t) = J(x,t)
(xt)= N-{“—iwuxuo(x,t)—pb)}

0, (x,1) = N—lk_EW(Lxul(x,t))-A&}

[7)]

Continuing in this manner, we get the general ragarrelation given by:
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of

()= N-{‘;—EN%LXun(x,t))—AJ a1

(4.13)

Hence, from the general recursive relation in Eiguaf4.13), we can easily compute the remaining paments

u(x t)asu, (x,t),u,(x 1) ,..., whereu,(x,t)

is always the given initial conditions. Finally tlegact solution is

given by

u(xt)= 3 u, (x.t)

n=0

5. APPLICATIONS

Here, we employ the NDM to three numerical exammad then compare

solutions.

Example 5.1: Consider the homogenous Klein GordgumeaEon

u, —u,-u=0

Subject to the initial conditions

u(x,0)=1+sinx : ut(x,0)=0

We first take the N-Transform of Equation (5.1)ptitain

N [u ] = N fu] - N*fu] = N*[o]

Using the properties in Table 1 and propertiehefN-Transform, we have

s_z R(x,5,u) - su(>;,0) _u'(x0)

' ' ' ~N*[u,]-N*[u]=0

Substituting Equation (5.2) into Equation (5.3), eve

: 2
R(x,s,u):@+2—2 N*[u,, +ul

Now, taking the inverse N-Transform of Equatiodj5we have

our solutions to existing exact

(5.1)

(5.2)

(5.3)

(5.4)
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N*[R(x,s,u)] = N‘l[“;;m(} N‘l{u N*[u,, +u]}

From Table 1, Equation (5.5) becomes
2

u(x,t) = (1+sinx)+ N‘l[l;—z N*[u,, + u]}

From Equation (5.6), we can write
( ) 1+sinx+ N~ [ {iB +iAhﬂ
n=0
Now from Equation (5.7), we can conclude that
2
uy(x,t)=1+sinx, u,(xt)= N‘l{u—z N*[B, + AD]}
S

We continue in this manner to get the general siearrelation

axt) =N { N[, w]}

w(x0)= —1{“ N8, +Ab]} {‘; N [uOXx+u0]}

Note that

- N{Z—z N+[1]} = N{Z—z&ﬂ = N'{Z—j} = %tz.

u..,(xt)=0, On=1.Henceu(x,t) = u, (x,t)+u,(x,t)+u,(xt)+

and that

u(x,t) =sinx+coslt.
Hence the exact solution is [1].

Example 5.2: Consider the inhomogenous nonlineaimkBordon Equation

U, —u, +Uu’ =-xcost + x’cos’t

XX

Subject to the initial conditions

(5.5)

(5.6)

(5.7)

(5.8)

..:1+sinx+£t2.
2

(5.9)
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u(x,O) =X, U, (x,O) =0

(5.10)
We first take the N-Transform of Equation (5.1)ptitain
N*ue]= N*[u, ]+ N*[u?]| = N*[- xcost + x* cos’ t|
Using the properties in Table 1 and propertiehefN-Transform, we have
2 ]
%R(x,s,u)—mz’o)—m— N*[u ]+ N*[u?] = N*[- xcost] + N*[x? cogt 1]
u u u (5.11)
Substituting Equation (5.10) into Equation (5.24¢, have
2 2,,2 2 2
X uX S u-x S u +
R(X’S’u):__ 2 ( 2 2J+ 2 ( 2 2) +_2N [uxx_uz]
S S s"+u S s*+u S (5.12)
Now, taking the inverse N-Transform of Equatiorl@, we have
2 2,2 2
_ 4| X - usx - u“x 4| U
N R(x,s,u)|=N* 2 [-NT +NY—2— [+ N = N*|u, —u?
[ (o i e
From Table 1, Equation (5.13) becomes
u?
u(x,t) = xcost + x?sin’t + N‘l{—z N*[uXX - uz]}
S (5.14)
From Equation (5.14), we can write
u2 (o) (o)
u(xt) = xcost + x?sin’t + N = N{Z B,-> Ai
S n=0 n=0 (5.15)

Here, A is the Adomian polynomial which represent the im@dr terms. So, we compute few components,of A
and some values of,B
—y 2 —
A =g Bo = Upy
Ai = 2u0ul Bl = ulxx
A, =2u4u, + u12 B, = Uy

Now from Equation (5.15), we can conclude that

Impact Factor(JCC): 2.7341- This article can be dowloaded from www.impactjournals.us




| 68 Adesina. K. Adio |

2
Uy (x,t) = xcost + x%sin?t, u,(x,t)= N‘l{i—z N*[B, - AO]}

We continue in this manner to get the general siearrelation

2
U, (% t)= N{%N*[BH —Aﬂ , nzl
(5.16)

Note that we can calculate
2 2
u,(xt)= N_l{u_z N+[Bo - Ao]} = N_l{u_z N+[u0xx - uoz]}
S S

) 2
= N‘l{ N* (2sin®t - x? cos t - 2x* costsin® t + x* sin’® t)} = N_{u—z N+[‘ x* cos’ t]} T
s

m|c
N

2

_ u .

=-x*N7* —— +...==x%sin’t +...
s’ +u

u,(x t)andu, (x,t)

Hence by cancelling the noise term that appearsdwsst one can see that the non-cancelled
uy(x,t)
term of still satisfies the given differential equatiorhish lead to an exact solution of the form
u(x,t) = xcost.

This is in agreement with the result obtained byTRD2].

Example 5.3: Consider the nonlinear, nonhomogeideisa Gordon Equation

2 2 2 4
-u, +u’= “2t2+
U, —U, +U?=2x* -2t* + X (5.17)

Subject to the initial conditions
u(x,O) =u, (x,O) =0 (5.18)
We first take the N-Transform of Equation (5.16)pbtain

N*ue ] = N*Ju ]+ N*[u?] = N*[2x3 |- N 262+ N et

Using the properties in Table 1 and propertiehefN-Transform, we have
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S Rixsu)- 00 _W0O) ey o nefue]= e o] - N e ]
u u u (5.19)

Substituting Equation (5.18) into Equation (5.19¢, have

2
R(x,s,u) = 2x? S——4—+24 4—+—N lu,, —u?]

(5.20)

Now taking the inverse N-Transform of Equation (§,2ve have

2 4 6 2
N[R(x,s,u)] = 2x* N‘l{ } 4N‘1[ }+24x N‘l[ 7} N‘l[“—zw[uxx—uzﬂ
s° s s s (5.2)

From Table 1, Equation (5.21) becomes

ot -2e s Lo o vl o]
6 30 (5.22)

From Equation (5.22), we can write

u(xt) = xt? —%t“ +3—10x“t6 + N‘l{u_j N*{i B, _iphﬂ

(5.23)

Here, A is the Adomian polynomial which represent the im@dr terms. So, we compute few components,of A

and some values of,B

—y 2 —
Ay =4, By = Uo
A =2uqu, B, = Uy,
A, =2u0u, + u12 B, = Upu

Now from Equation (5.23), we can conclude that
1 1 4l u
uo(x,t)=x2t2—gt“+§)x4t6 . u(xt)=N 1{ N*[B, - A)]}

We continue in this manner to get the general seamrelation

T RS P RS [BE

(5.24)
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Note that we can calculate

2

=N U_N+{2tz+gxzt6_x4t4+gxzt6 _iX6t8+iX4t10_it8_ 1 Xstlz}
s 5 3 15 90 36 900
2 4 6

=N* “—N+(2t2 —x“t“) b o=Na oae My 2t L eey
2 s® s’ 6 30

Hence by cancelling the noise term that appearsdwsst

u,(x t)andu, (x,t) Uy (x,t)
one can see that the non-cancelled term of still satisfies the given differential

equation, which lead to an exact solution of thenfo

u(x,t) = x?2.
This is in agreement with the result obtained byN{[1].

6. CONCLUSIONS

In this research paper, the Natural Decompositiaathdd (NDM) was applied to solve three nonlineaeiil
Gordon Egquations. Exact solutions of the three ieppbns were obtained. The method demonstratesifisant
improvement over existing techniques.
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